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The temperature dependene of paramagneti suseptibility of the superuid
3
He-B in aerogel
is found. Calulations have been performed for an arbitrary phase shift of s-wave sattering in
the framework of BCS weak oupling theory and the simplest model of aerogel as an aggregate
of homogeneously distributed ordinary impurities. Both limiting ases of the Born and unitary
sattering an be easily obtained from the general result. The existene of gapless superuidity
starting at the ritial impurity onentration depending on the value of the sattering phase has
been demonstrated. While larger than in the bulk liquid the alulated suseptibility of the B-
phase in aerogel proves to be onspiuously smaller than that determined experimentally in the
high pressure region.
PACS numbers: 67.57.Pq, 67.57.B
Superuid
3
He is an ideal objet for a study of physial
properties of a system with non-trivial pairing. In par-
tiular, it is interesting to investigate how a superuid
state ould be inuened by the presene of impurities.
Diret ontamination of
3
He with any atomi impurities
is impossible. Last years instead of this experimental-
ists use liquid
3
He to ll up aerogel whih is a matrix of
randomly arranged silia laments of nanometer diame-
ter. Commonly used aerogels oupy about 2% of spae
volume, the rest being taken with liquid helium.
Experiments [1℄, [2℄, [3℄, [4℄, [5℄ established derease
of the superuid transition temperature and the density
of the superuid omponent of
3
He in aerogel. These
eets are related to the sattering of quasipartiles
from surfae, whih suppresses Cooper pairing in the p-
state. Corresponding theoretial treatments have been
proposed in papers [6℄, [7℄, [8℄, [9℄, [10℄.
NMR measurements [2℄ pointed on the existene of the
A-phase of
3
He in aerogel in relatively high magneti
elds as well as of the B-phase [11℄ in lower elds. Re-
ently, evidene of the phase transition between the A-
and B-phases has been demonstrated [12℄, [13℄, [14℄.
The A-phase as an equal spin pairing state possesses
pratially the same spin suseptibility as the normal
phase. This property remains intat in the A-phase in
aerogel. On the other hand, in the B-phase where all
the three spin states of the Cooper pairs with the spin
projetions Sz = 0,±1 are equally populated, spin sus-
eptibility is partly suppressed ompared to its normal
state value. This suppression in aerogel was experimen-
tally found [12℄ to onstitute about 45% of the value in
the bulk
3
He-B.
The purpose of the present artile is to alulate spin
suseptibility of the
3
He-B in aerogel. We shall work in
the framework of BCS weak oupling theory, aerogel be-
ing approximated as homogeneously distributed ordinary
impurities. At high pressures this model gives values of
∆ and ρs roughly by a fator of two larger [6℄, [8℄ than
those observed experimentally. At the same time, as it
was disussed in paper [15℄, at low pressures, when the
oherene length is larger than the average pore size, the
homogeneous sattering model is more likely to be justi-
ed.
A similar onlusion follows from the present deriva-
tion. The alulated suseptibility is less suppressed om-
pared to the bulk dependene. This suppression is less
pronouned for larger values of the sattering phase but
still even in the unitary limit notieably larger than the
measured suppression of the suseptibility at high pres-
sures [3℄, [12℄.
The alulations presented in the paper have been done
for an arbitrary value δ0 of the phase shift of s-wave
sattering. Both extremes: the Born approximation and
the unitary limit an be easily obtained from the general
result.
Corresponding theory of hanges of paramagneti sus-
eptibility in ordinary superondutors aused by impu-
rities with ordinary, paramagneti and spin-orbital type
of sattering has been developed in the Born approxima-
tion in paper [16℄. The present theory is not a simple
generalization of the ited paper. The point is that usu-
ally to ome out of the Born approximation in the theory
of dirty alloys it is suient to substitute the Born sat-
tering amplitude by its exat ounterpart [17℄. This sub-
stitution does not lead to the orret answer for a dirty
metal in a magneti eld. The method developed in the
present paper does not rely on the substitution.
The paper is organized as follows. After the introdu-
tion of the basis of the Abrikosov-Gor'kov theory in the
rst setion, we write down its solution for an arbitrary
impurity sattering phase without magneti eld in the
seond setion, where we also establish the region of the
existene of gapless superuidity. Then by nding or-
retions in leading order in magneti eld we arrive at an
expression for the suseptibility. In the last setion we
briey disuss onlusions.
2I. EQUATIONS
The Abrikosov-Gor'kov equations of an eletrially
neutral impure superuid in an external magneti eld
B are (see, e.g. [18℄)(
iωn − Ĥ(k) − Σ̂(ωn)
)
Ĝ(k, ωn) = 1̂, (1)
where ωn = πT (2n + 1) is the Matsubara frequeny.
Green funtion Ĝ(k, ωn) is a 2x2 matrix in partile-hole
spae
Ĝ(k, ωn) =
(
Gαβ(k, ωn) Fαβ(k, ωn)
F+αβ(k, ωn) Gαβ(k, ωn)
)
, (2)
made up of the normal Gαβ(k, ωn) and anomalous
Fαβ(k, ωn) Green funtions whih are in their turns 2x2
matries in spin spae. Here
Gαβ(k, ωn) = −GTαβ(−k,−ωn) (3)
and the supersript T implies transposition.
The Hamiltonian
Ĥ(k) =
(
H0αβ(k) ∆kˆαβ
∆+
kˆαβ
−HT0αβ(−k)
)
(4)
onsists of the one-partile part
H0αβ(k) = ξkδαβ − µσαβB (5)
inluding kineti
ξk ≡ ξ|k| = k2/2m∗ − ǫF (6)
and Zeeman energy, and of the pairing interation
Vαβ,λµ(k,k
′) via the order parameter ∆kˆαβ , set by the
self-onsisteny equation
∆kˆαβ = −T
∑
n
∑
k′
Vβα,λµ(k,k
′)Fµλ(ωn,k
′). (7)
B is the magneti ux, σαβ is a vetor of the three Pauli
matries in spin spae.
The impurity sattering self-energy part omprises nor-
mal Σ1 and anomalous Σ2 parts
Σ̂ =
(
Σ1 Σ2
Σ+2 Σ1
)
, (8)
and in the lean limit of small impurity onentrations
nimp, when one an neglet the interferene of the sat-
tering on dierent impurities, is just nimp times the on-
tribution of a single impurity
Σ̂ = nimpT̂ , (9)
where T̂ is the sattering amplitude. It is related to
the sattering potential Ûkk′ by the Lippmann-Shwinger
equation
T̂kk′ = Ûkk′ +
∑
q
ÛkqĜqT̂qk′ . (10)
In the simplest ase of a short-range impurity poten-
tial U(r) = uδ(r) its Fourier omponent is momentum-
independent Uk−k′ = u, so that
Ûkk′ ≡
(
Uk−k′δαβ 0
0 −Uk′−kδαβ
)
= uδαβ τ̂3, (11)
where τ̂ is a vetor of the three Pauli matries in partile-
hole spae. Parameterized in terms of the sattering
phase δ0 the impurity potential is
u = − tan δ0/πN0. (12)
Eq. (10) is then easily solved, and the sattering am-
plitude turns out to be independent of momenta
T̂kk′(ωn) ≡ T̂ (ωn) = Û
(
1̂− Û
∑
k
Ĝ(k, ωn)
)−1
. (13)
Equations (1), (4), (9), (13) form a losed system of
equations on the Green funtion (2).
The pairing interation Vβα,λµ(k,k
′) is usually rek-
oned non-zero only in a thin ∼ ǫ1 ≪ ǫF layer near the
Fermi surfae. In
3
He spin-orbital interation is weak and
the Cooper pairs are formed in the spin-triplet, orbital
p-wave state. So the pairing interation an be fatorized
Vβα,λµ(k,k
′) = −3
2
V1kˆkˆ
′gβαg
+
λµ, (14)
where V1 is the onstant of the p-wave pairing attration
and
gαβ = i(σσy)αβ (15)
is a vetor of the three basis symmetri matries.
The order parameter
∆kˆαβ = dkˆgαβ , (16)
where dµkˆ = Aµikˆi is the order-parameter vetor.
Substituting (14) and (16) into (7) yields
dkˆ =
3
2
V1T
∑
n
∑
k′
(kˆkˆ′) trσ[g
+F (ωn,k
′)]. (17)
As one an see
d
kˆ
d
∗
kˆ
=
1
2
trσ[∆
+
kˆ
∆
kˆ
], (18)
where trσ denotes a trae over spin indies. For unitary
phases, among whih are the A- and B-phases atually
being realized in pure
3
He, (∆+
kˆ
∆
kˆ
)αβ ∝ δαβ and so it
is onvenient to introdue the notation ∆
2
kˆ
= d
kˆ
d
∗
kˆ
. We
will onsider only the unitary phases.
In the A-phase
dkˆ =
√
3
2
∆dˆ[(∆ˆ′ + i∆ˆ′′)kˆ], (19)
3where dˆ, ∆ˆ′, and ∆ˆ′′ are three unit vetors, ∆ˆ′ and ∆ˆ′′
are mutually orthogonal.
In the B-phase
dkˆ = ∆
←→
R kˆeiϕ, (20)
where
←→
R is the matrix of rotation on an arbitrary angle.
In both ases, the salar ∆ is introdued so as to fulll
the normalization 〈∆2
kˆ
〉
kˆ
= 〈d
kˆ
d
∗
kˆ
〉
kˆ
= ∆2, where 〈. . . 〉
kˆ
stands for the averaging over diretions kˆ of momentum.
II. ZERO MAGNETIC FIELD
In the absene of magneti eld the solution of Eqs.
(1), (4), (9), (13) is (see elsewhere)
Ĝ(0) =
1
ω˜2n + ξ˜
2
k +∆
2
kˆ
(21)
×
(
−(iω˜n + ξ˜k)δαβ ∆kˆαβ
∆+
kˆαβ
−(iω˜n − ξ˜k)δαβ
)
.
The orresponding sum over momenta in the expres-
sion (13) for the sattering amplitude is∑
k
Ĝ(0)(k, ωn) = g(ωn)1̂δαβ ,
where we denoted
g(ωn) =
∑
k
G(0) = −N0
∫ 〈
iω˜n + ξ˜
ω˜2n + ξ˜
2 +∆2
kˆ
〉
kˆ
dξ˜
= −iπN0ω˜n
〈
1√
ω˜2n +∆
2
kˆ
〉
kˆ
. (22)
Here N0 = m
∗kF /2π
2
~
2
is the density of states on the
Fermi surfae.
So the sattering self-energy (9) equals
Σ̂(0) =
nimpu
1− u2g2
[
τ̂3 + ug1̂
]
δαβ . (23)
In the above formulae both the Matsubara frequeny
ωn = πT (2n+1) and the kineti energy are renormalized
iω˜n = iωn +
1
2
trτ [Σ̂
(0)(ωn)], (24)
ξ˜k = ξk − 1
2
trτ [τ̂3Σ̂
(0)(ωn)]. (25)
Here trτ is the trae in partile-hole spae.
It should be noted that the term proportional to τ̂3
in Σ̂ = Σ̂(0) + Σ̂(1) + . . . must be omitted. This term
just produes a shift in the hemial potential (renor-
malization of ξk ) from introduing the impurities and
disappears in the assumption of partile-hole symmetry
after integration over ξ in the subsequent alulations.
Substituting (22) and (23) into (24) yields the self-
onsisteny equation on the renormalized Matsubara fre-
queny ω˜n
ω˜n = ωn + Γ
〈
ω˜n
√
ω˜2n +∆
2
kˆ
ω˜2n + cos
2 δ0∆2kˆ
〉
kˆ
, (26)
where Γ is the sattering rate
Γ =
nimp
πN0
sin2 δ0. (27)
In the Born limit (δ0 → 0) it tends to the onventional
half of the inverse free ight time
Γ→ nimp
πN0
δ20 = nimpπN0u
2 =
1
2τ
. (28)
In the B-phase ∆2
kˆ
≡ ∆2 does not depend on kˆ, one
an thus omit angular brakets of the kˆ-averaging in (26).
Using the overt form (21), the self-onsisteny Eq. (17)
taking the trae over spin indies and averaging over kˆ
redues to
1
N0V1
= T
∑
n
∫
dξ
ω˜2n + ξ
2 +∆2
= πT
∑
n
1√
ω˜2n +∆
2
.
(29)
This equation determines the temperature and impu-
rity onentration behavior of the order parameter∆. To
obtain an expression of value one should exlude the un-
observable pairing onstant V1 o the left-hand side of
Eq. (29). Using the standard proedure [18℄, one obtains
the self-onsisteny equation on ∆(T,Γ)
log
T
Tc0
= πT
∑
n
(
1√
ω˜2n +∆
2
− 1|ωn|
)
. (30)
The asymptotis of ∆(T,Γ) at T = 0, Tc are found in the
Appendix.
Expanding (26) in degrees of ∆2 gives ω˜n ≈ ωn +
Γ sgnωn + O(∆
2). When inserted into (30) it yields in
zeroth order in ∆2 the Abrikosov-Gor'kov [19℄ impliit
expression for the dependene of the ritial temperature
Tc on the impurity onentration
log
Tc0
Tc
= ψ
(
Γ
2πTc
+
1
2
)
− ψ
(
1
2
)
, (31)
where ψ is the digamma funtion. Note however that Γ
orresponds to dierent impurity onentrations for var-
ious sattering phases (see (27)). Tc(Γ) vanishes at the
ritial onentration
Γc =
1
2∆00, (32)
where
∆00 = πTc0e
−γ
(33)
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FIG. 1: Order parameter ∆ versus temperature T for dif-
ferent sattering phases δ0 and impurity onentrations ob-
tained numerially. Solid lines orrespond to the Born limit
δ0 = 0, dashed lines to δ0 =
pi
4
and dotted lines to the unitary
sattering δ0 =
pi
2
. In order of the derease of the superuid
transition temperature Tc the triples of the urves orrespond
to Γ/Γc =0, 0.2, 0.4, 0.6, 0.75, 0.9, 0.98. The rst urve in
the pure ase Γ = 0 is ommon for all phases.
is the order parameter at zero temperature for a pure
superuid, γ ≈ 0.5772 is Euler's onstant.
Fig. 1 shows temperature dependenes of the order
parameter for 7 impurity onentrations and for three
sattering phases: δ0 = 0,
π
4 , and
π
2 obtained numerially
from (30). Non-shown plots for intermediate 0 < δ0 <
π
2
all sit in the interior of the belt between urves for δ0 = 0
(Born limit) and δ0 =
π
2 (unitary limit).
The order parameter∆0 at zero temperature as a fun-
tion of the sattering rate Γ/Γc is presented on Fig. 2
for several values of the sattering phase δ0. The urves
for intermediate values of 0 < δ0 <
π
2 lie inside the strap
between the urves for the Born (δ0 → 0) and unitary
(δ0 → π2 ) limits.
From the Abrikosov-Gor'kov theory of paramagneti
impurities in alloys it is known that in the Born limit
(δ0 → 0) starting at the sattering rate of
2Γce
−π/4 ≈ 0.91Γc (34)
the energy spetrum gap vanishes though the amplitude
∆ of the order parameter remains nite until Γc. Ordi-
nary impurities in a p-wave superuid will give rise to the
existene of an analogous gapless region of impurity on-
entrations. Indeed, density of states of quasipartiles at
an energy ǫ o the Fermi level is expressed in terms of
the Green funtion as
N(ǫ) = − 1
π
ℑ
∑
k
G(k, ωn)|iωn→ǫ+i0 . (35)
Using (22) we get
N(ǫ) = N0ℑ ǫ˜√
∆2 − ǫ˜2 , (36)
where ǫ˜ = iω˜n|iωn→ǫ+i0. From (26) we obtain an impliit
equation on ǫ˜ for a given ǫ:
ǫ˜ = ǫ+ Γ
ǫ˜
√
∆2 − ǫ˜2
∆2 cos2 δ0 − ǫ˜2 . (37)
For ǫ = 0 it gives three solutions in the omplex plane:
ǫ˜1 = 0 and
ǫ˜22,3 =
2∆2 cos2 δ0 − Γ2 − Γ
√
Γ2 + 4∆2 sin2 δ0
2
. (38)
It an be veried that for all the three solutions ∆2 − ǫ˜2
is always (real) positive, and so
√
∆2 − ǫ˜2 always real. In
order for N(ǫ = 0) to be nite one than sees from (36)
that ǫ˜2 should be negative. From (38) this gives
Γ > ∆cos2 δ0. (39)
This inequality means that for a given phase shift δ0
and a sattering rate Γ the superuid is gapless at
temperatures Tgl < T < Tc, where Tgl is suh that
Γ > ∆(Tgl) cos
2 δ0. The superuid is gapless in the
whole temperature range 0 < T < Tc of the existene
of superuidity if inequality (39) is fullled already for
∆0 ≡ ∆(T = 0).
Making use of the impliit dependene (A7) of ∆0 on
δ0, we get for the lower boundary of the onset of gapless
superuidity in the whole temperature range
Γ = 2Γc cos
2 δ0e
−pi
2
cos2 δ0
1+cos δ0 , (40)
whih is a generalization of the Abrikosov-Gor'kov value
(34) on an arbitrary sattering phase δ0. The orrespond-
ing value of the upper boundary of the order parameter
at zero temperature is
∆0 = ∆00e
−pi
2
cos2 δ0
1+cos δ0
(41)
When the sattering phase is inreased (impurity po-
tential beomes stronger) the boundary value of Γ de-
reases, meaning that starting from less impurity onen-
tration the superuidity beomes gapless. At last, in the
unitary limit δ0 → π2 the boundary value is Γ = 0, and
the liquid is gapless for whatever small impurity onen-
tration.
The points of the onset of gapless superuidity are
marked on the plot of the dependene of the order pa-
rameter at zero temperature ∆0/∆00 on the suppression
Tc/Tc0 of the superuid transition temperature (see Fig.
2). The regions of the existene of gapless superuidity
are shown on the plots of ∆0(Tc) with bold lines.
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FIG. 2: Order parameter ∆0 at zero temperature as a fun-
tion of the suppression Tc/Tc0 of the ritial temperature for
several values of the sattering phase δ0. For eah δ0 the value
of Tc/Tc0 is pointed, the suppression below whih makes the
superuid gapless in the whole range 0 < T < Tc. In the
unitary limit (δ0 →
pi
2
) the superuid is gapless for whatever
Tc/Tc0. Bold parts on eah urve mark the regions of the
existene of gapless superuidity.
III. MAGNETIC SUSCEPTIBILITY
Magnetization M an be alulated from the normal
Green funtion in a magneti eld B as
M = µT
∑
n
∑
k
Gαβσβα. (42)
To nd the stati suseptibility χαβ (Mα = χαβBβ) it
is suient to solve Eqs. (1), (4), (9), (13) in leading
order in the eld. Let the supersript (1) designate the
quantities proportional to B. From (9), (13) we get
Σ̂(1) =
1
nimp
Σ̂(0)Û(
∑
k
Ĝ(1))Û−1Σ̂(0). (43)
One should plug here the expression for the Green
funtion in rst order in the eld derived from (1)
Ĝ(1) = Ĝ(0)
(
Ĥ(1) + Σ̂(1)
)
Ĝ(0). (44)
We are now going to show that both the anomalous
self-energy Σ2 remains zero and the order parameter ∆
unhanged in rst order in magneti eld:
Σ
(1)
2 = 0, ∆
(1) = 0. (45)
Mathematially, this is due to the fat that self-onsistent
solution of (43), (44) produes (linear) homogeneous
equations on Σ
(1)
2 and ∆
(1)
whih have regularly only
trivial solutions. At the same time, the equation on the
normal part of self-energy Σ
(1)
1 involves a right-hand side
proportional to the magneti eld oming from
Ĥ(1)(kˆ) =
 −µσαβB ∆(1)kˆαβ
∆
(1)+
kˆαβ
µσTαβB
 . (46)
To be more spei, when written out in omponents,
Eq. (44) reads
G(1) = G(0) [1] + F (0) [2] , (47)
F (1)+ = F (0)+ [1] +G
(0)
[2] , (48)
where we made use of the abbreviated notations
[1] = (Σ
(1)
1 − µσB)G(0) + (Σ(1)2 −∆(1))F (0)+, (49)
[2] = (Σ
(1)+
2 −∆(1)+)G(0) + (Σ
(1)
1 + µσ
TB)F (0)+.(50)
Let us rst look on the equation on ∆(1). Expanding
Eq. (7) yields
∆
(1)+
kˆ
=
3
2
V1g
+
µ T
∑
n
∑
k′
(kˆkˆ′) trσ[gµF
(1)+(ωn,k
′)].
(51)
Substituting here (48) for F (1)+ one obtains the equa-
tion on ∆(1)+. It turns out that after taking trae over
spin indies as well as integrating over ξ on the supposi-
tion of eletron-hole symmetry there remain only terms
proportional to ∆(1)+.
Indeed, onsider the terms in (48) in pairs. The two
terms involving the anomalous part Σ
(1)
2 (ωn) of the self-
energy, whih, we remind, does not depend on momenta,
are proportional to either G
(0)
G(0), whih does not de-
pend on kˆ, or to (F (0)+)2 ∝ kˆ2. They vanish after aver-
aging with kˆ′ over the diretion of momenta in (51).
The two terms proportional to B when inserted into
(51) give
∝ trσ[gµ
(
F (0)+σBG(0) −G(0)σTBF (0)+
)
]
∝ dν trσ[gµ
(
g+ν (iω˜n + ξ
′)σλ − σTλ (iω˜n − ξ′)g+ν
)
]Bλ.
The terms proportional to ξ′ vanish on integrating over ξ′
in the supposition of partile-hole symmetry. The terms
proportional to ω˜n vanish on summation over the Mat-
subara frequenies ωn = (2n+ 1)πT from n = −∞ to ∞
beause of the oddness of ω˜n(ωn): ω˜n(−ωn) = −ω˜n(ωn).
Similar argumentation leads to the onlusion of van-
ishing of the terms involving Σ
(1)
1 beause, as we shall see
later, in the assumption of partile-hole symmetry Σ
(1)
1
is even in ωn.
6So we are left with a homogeneous linear equation on
∆(1) whih has normally only trivial solutions ∆(1) = 0.
One obtains the equations to determine the normal
Σ
(1)
1 and anomalous Σ
(1)
2 parts of the self-energy by plug-
ging (21) and (23) into (43)
Σ̂(1) =
(
Σ
(1)
1 Σ
(1)
2
Σ
(1)+
2 Σ
(1)
1
)
=
nimpu
2
(1− u2g2)2 (52)
×
(
(1 + ug)2
∑
kG
(1) (1− u2g2)∑k F (1)
(1− u2g2)∑k F (1)+ (1− ug)2∑kG(1)
)
.
Sine ∆
(0)
kˆ
, and onsequently also F (0)(ωn,k) by virtue
of (21), and ∆
(1)
kˆ
are all proportional to the unit vetor
kˆ, any of the terms in (47), (48) omprising one or three
of either of the quantities vanishes on summing over k
in (43). For the anomalous part there remains only two
terms giving a homogeneous equation on the four om-
ponents of Σ
(1)
2 :
Σ
(1)+
2 =
nimpu
2
1− u2g2
∑
k
(
F (0)+Σ
(1)
2 F
(0)+ +G
(0)
Σ
(1)+
2 G
(0)
)
.
(53)
Unless in exeptional ases, this equation has only trivial
solution Σ
(1)
2 ≡ 0. However, one an verify separately for
eah omponent of the expansion of Σ
(1)
2 (ωn) in terms of
the three Pauli matries and the unit matrix:
Σ
(1)
2αβ(ωn) = Σ
(1)
2 (ωn)δαβ +Σ
(1)
2 (ωn)σαβ , (54)
that this homogeneous equation on Σ
(1)
2 (ωn) does indeed
have only trivial solution.
Taking into aount the remark after Eq. (25) we omit
the terms proportional to τ̂3 in (52) and for the normal
part Σ
(1)
1 get the equation
Σ
(1)
1 = nimpu
2 1 + u
2g2
(1− u2g2)2
∑
k
[G(0)(Σ
(1)
1 − µσB)G(0)
+ F (0)(Σ
(1)
1 + µσ
TB)F (0)+]. (55)
Making use of the expliit form of the zero-order Green
funtion (21), we rst alulate the sum over k, introdu-
ing the auxiliary quantity
Π(ωn) =
πN0∆
2
3(ω˜2n +∆
2)3/2
, (56)
so that
∑
k(G
(0))2 = 32Π(ωn) and
∑
k F
(0)F (0)+ =
Π(ωn). In addition, we introdue
Π˜(ωn) = nimpu
2 1 + u
2g2
(1− u2g2)2Π(ωn)
=
Γ∆2
3
ω˜2n cos 2δ0 +∆
2 cos2 δ0√
ω˜2n +∆
2 (ω˜2n +∆
2 cos2 δ0)
2 . (57)
The seond terms in (55) is proportional to the prod-
ut of F
(0)
αβ ∝ ∆gαβ
←→
R kˆ and F (0)+ ∝ ∆g+αβ
←→
R kˆ. After
averaging over kˆ and integration over ξ we nd that∑
k
F (0)f(ωn)F
(0)+ =
1
2
Π(ωn)gf(ωn)g
+. (58)
So
Σ
(1)
1 =
3
2
Π˜(ωn)
[
Σ
(1)
1 − µσB+
1
3
g(Σ
(1)
1 + µσ
TB)g+
]
,(59)
Σ
(1)
1 =
3
2
Π˜(ωn)
[
Σ
(1)
1 + µσ
TB+
1
3
g+(Σ
(1)
1 − µσB)g
]
,(60)
Expanding Σ
(1)
1 and Σ
(1)
1 in the basis of the three Pauli
matries and the unit matrix similarly to (54), one sees
that for the oeient of expansion over the unit matrix
one obtains an unoupled homogeneous equation, with
trivial solution. So one may put simply
Σ
(1)
1 = Σ
(1)
1 σ, Σ
(1)
1 = Σ
(1)
1 σ
T, (61)
Using g = iσσy, g
+ = −iσyσ and the equalities
σyσσy = −σT, σµσσµ = −σ (62)
we nd that
gµσg
+
µ = g
+
µσgµ = σ
T. (63)
So that solution of the system (59), (60) is
Σ
(1)
1 = −µσB
Π˜(ωn)
1− Π˜(ωn)
, Σ
(1)
1 = µσ
TB
Π˜(ωn)
1− Π˜(ωn)
.
(64)
Sine from (47) it follows that
G(1) = G(0)(Σ
(1)
1 − µσB)G(0) + F (0)(Σ
(1)
1 + µσ
TB)F (0)+,
(65)
we nd from (42) that
M = −2µ2BT
∑
n
Π(ωn)
1− Π˜(ωn)
. (66)
Beause we have rst integrated over k and left the
summation over n this expression does not inlude [17℄
normal state Fermi gas Pauli suseptibility χ0n = 2µ
2N0.
Adding and subtrating it from both sides of (42), we get
eventually
χ0
χ0n
= 1− π
3
T
∑
n
∆2
(ω˜2n +∆
2)3/2
1− Γ∆
2
3
ω˜2n cos 2δ0 +∆
2 cos2 δ0√
ω˜2n +∆
2 (ω˜2n +∆
2 cos2 δ0)
2
.
(67)
7This expression gives suseptibility as a funtion of tem-
perature for a given sattering rate Γ and a sattering
phase δ0. The innite sum over the Matsubara frequen-
ies should be taken using self-onsistent expressions for
the renormalized Matsubara frequeny ω˜n (26) and the
order parameter ∆(T ) (30).
In the lean limit Γ→ 0 the Matsubara frequenies rest
unrenormalized and suseptibility redues to its onven-
tional bulk value
χ0
χ0n
= 1− π
3
T
∑
n
∆2
(ω2n +∆
2)3/2
≡ 1− 1
3
(1− YB(T )) ,
(68)
where
YB(T ) = 1− πT
∑
n
∆2
(ω2n +∆
2)3/2
(69)
is the B-phase Yosida funtion.
At T → Tc suseptibility χ0/χ0n behaves linearly. In-
deed, then ∆→ 0 and ω˜ → ω + Γ. Hene
χ0
χ0n
→ 1− π∆
2
3
Tc
∑
n
1
|ω˜n|3 → 1 +
2∆2
3(4πTc)2
ψ(2)c , (70)
where xc = Γ/2πTc and ψ
(n)
c = ψ(n)(
1
2 + xc) is the
polygamma funtion. Using the asymptoti expression
(A2) for ∆ at T → Tc, we nd eventually
χ0
χ0n
∣∣∣∣
T→Tc
→ 1 + 2ψ(2)c
xcψ
(1)
c − 1
3ψ
(2)
c + xcψ
(3)
c cos 2δ0
Tc − T
Tc
.
(71)
In the Born limit (δ0 → 0) we arrive at the expression
for the spin suseptibility
χ0
χ0n
= 1− π
3
T
∑
n
∆2
(ω˜2n +∆
2)3/2
1− Γ∆
2
3
1
(ω˜2n +∆
2)3/2
. (72)
In the opposite unitary limit (δ0 → π2 )
χ0
χ0n
= 1− π
3
T
∑
n
∆2
(ω˜2n +∆
2)3/2
1 +
Γ∆2
3
1
ω˜2n
√
ω˜2n +∆
2
. (73)
Suseptibilities for several impurity onentrations and
three sattering phases (δ0 = 0  Born limit, δ0 =
π
4 ,
and δ0 =
π
2  unitary limit) are plotted as funtions of
the redued temperature T/Tc on Fig. 3 with the Fermi
liquid eets taken into aount (see below).
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FIG. 3: Spin suseptibility of superuid
3
He in aerogel versus
temperature for several values of impurity onentration Γ
and sattering phases δ0 with the Fermi liquid orretions
taken into aount. Solid lines orrespond to the Born limit
δ0 = 0, dashed lines to δ0 =
pi
4
and dotted lines to the unitary
sattering δ0 =
pi
2
. In order of the derease of the superuid
transition temperature Tc the triples of the urves orrespond
to Γ/Γc =0, 0.2, 0.4, 0.6, 0.75, 0.9, 0.98. The rst urve in
the pure ase Γ = 0 is ommon for all phases.
A. Fermi-liquid orretions
Fermi-liquid interation between quasipartiles leads
to renormalization of the suseptibility. An external mag-
neti eld is sreened by a polarization of the liquid,
whih is quantitatively desribed by even terms of the
expansion in Legendre polynomials of the antisymmetri
(exhange) part F a of the Fermi-liquid interation.
It was argued in Ref. [20℄ on the basis of experimental
data that only the zeroth term F a0 is non-zero. Then the
magnetization Mα = χαβBβ indued by magneti eld
B in a liquid with interation equals the magnetization
Mα = χ
0
αβB
eff
β that would be indued in an interation-
free liquid by an eetive eld
Beff = B− F a0M/χ0n. (74)
Here χ0n = 2µ
2N0 is the Pauli paramagneti suseptibil-
8ity of a normal Fermi-gas. This yields [21℄, [22℄
χαβ =
(
δαβ + F
a
0 χ
0
αβ/χ
0
n
)−1
χ0αβ . (75)
In the B-phase χ0αβ ∝ δαβ and we get
χ
χn
=
1 + F a0
1 + F a0
χ0
χ0
n
χ0
χ0n
, (76)
where χn = χ
0
n/(1+F
a
0 ) is the Fermi-liquid suseptibility.
In
3
He F a0 ≈ − 34 slightly varying with pressure.
For the asymptotis at T → Tc we have
χ
χn
∣∣∣∣
T→Tc
= 1 +
d(χ/χn)
d(T/Tc)
∣∣∣∣
T→Tc
T − Tc
Tc
, (77)
where from (76)
d(χ/χn)
d(T/Tc)
∣∣∣∣
T→Tc
=
1
1 + F a0
d(χ0/χ0n)
d(T/Tc)
∣∣∣∣
T→Tc
(78)
is the slope of the plots of χ versus T at T → Tc.
Taking − 34 as a value for F a0 , we see that the slope of
the urve χ (T ) at T = Tc with the Fermi-liquid intera-
tion taken into aount, is
1/(1 + F a0 ) ≈ 4 (79)
times greater than that of χ0(T )  without the intera-
tion.
The slopes of both χ0 (T ) and χ (T ) for F a0 = − 34 ver-
sus the suppression Tc/Tc0 of the ritial temperature are
plotted on Fig. 4 in two sales of the ordinate axis  the
left one for the slope of χ0 (T ), and the right one for the
slope of χ (T ), whih diers from the former in (79) times.
On the same piture we also pointed the slopes experi-
mentally observed in [3℄ at 18.7 bars and in [12℄ at 32
bars  the only experimental data present up to day the
authors are aware of. The error bars span the possible
slopes of the linear ts to the data at T . Tc within the
plotted error bars of the respetive experimental works.
IV. CONCLUSIONS
In the framework of the homogeneous sattering model
we found spin suseptibility of
3
He in aerogel onsidering
the latter as ordinary randomly distributed impurities
with an arbitrary sattering phase δ0 in s-wave hannel.
The answer is given in the form of an innite sum over the
Matsubara frequenies ωn = (2n+1)πT with the summa-
tion term depending on the amplitude ∆ of the order pa-
rameter and the self-onsistently renormalized Matsub-
ara frequeny ω˜n. Numerially plotted urves χ(T ) show
that suseptibility is less suppressed in omparison to the
bulk dependene, this suppression being less pronouned
for larger δ0.
Comparison with high-pressure experimental data
(18.7 bars [3℄ and 32 bars [12℄) shows that the slope of
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FIG. 4: The slope at T → Tc of the redues temperature
T/Tc plots of the bare suseptibility χ
0/χ0n (left sale) or the
suseptibility χ/χn with the Fermi liquid orretions (right
sale, oeient of proportionality (79)) as funtions of the
suppression Tc/Tc0 of the ritial temperature. The rosses
mark the experimental values of the slopes in [3℄ () and in
[12℄ (©).
χ(T ) at T → Tc is approximately twie less than the
value predited by the theory. The disrepany is obvi-
ously unavoidable beause of the major inadequay of the
homogeneous sattering model at high pressures, where
the superuid oherene length beomes shorter than the
orrelation length of the internal struture of aerogel [15℄.
Note that quantitatively the dierene between experi-
mental and theoretial values seems to be in line with
the fat that experimentally observed at high pressures
(19.7 bars) superuid density [23℄ was approximately by
the fator of 2 smaller than predited by an Abrikosov-
Gor'kov theory [9℄.
On the other hand, we pointed out that for any -
nite sattering phase δ0 > 0 the impurity onentration
threshold of the gapless superuidity onset diminishes
dramatially. For example, for the value δ0 =
π
4 whih
was maintained to be the most satisfatory phase for
the real struture of aerogel, gapless superuidity sets
on in the whole temperature range starting at the rit-
ial temperature suppression of Tc ≈ 0.51Tc0 ompared
to Tc ≈ 0.22Tc0 in the Born limit δ0 → 0. Whereas in the
unitary limit δ0 → π2 the superuid is always gapless. For
impurity onentrations exeeding the gapless threshold
all the thermodynamial quantities vanish algebraially
at zero temperature. Experimental observation of suh
behavior ould provide additional immediate insight into
the quasipartile sattering on impurities in aerogel.
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APPENDIX A: ASYMPTOTICAL BEHAVIOR OF
THE ORDER PARAMETER ∆ AT T → TC AND
T → 0
In this Appendix we elaborate on the details of the
alulation of the asymptotis of the order parameter al-
ready utilized in the main text of the paper.
1. Asymptotis at the ritial temperature
Expanding (26) in the degrees of ∆2 gives (we on-
sider only positive ωn beause of the oddness of ω˜n(ωn):
ω˜n(−ωn) = −ω˜n(ωn))
ω˜n ≈ ωn + Γ + Γ1− 2 cos
2 δ0
2(ωn + Γ)
∆2 +O(∆4). (A1)
When inserted into (30) it yields in rst order in ∆2
the asymptotis at T → Tc
∆2 = 3(4πTc)
2 xcψ
(1)
c − 1
3ψ
(2)
c + xcψ
(3)
c cos 2δ0
Tc − T
Tc
. (A2)
Here xc = Γ/2πTc and ψ
(n)
c = ψ(n)(
1
2 + xc), where
ψ(n)(z) = ∂nz ψ(z) =
∞∑
k=0
(−1)n+1n!
(z + k)n+1
(A3)
is the polygamma funtion. At Γ → 0 also xc → 0 and
ψ
(2)
c → ψ(2)(12 ) = −14ζ(3), and thus (A2) transforms
into the onventional BCS asymptotis
∆2 =
8π2T 2c0
7ζ(3)
Tc0 − T
Tc0
. (A4)
2. Order parameter at zero temperature
Consider the sum πT
∑
n(ω
2
n+∆
2)−1/2. When T → 0
the summation over the Matsubara frequenies ωn may
be substituted with an integration over the ontinuous
variable ω
πT
∑
n
1√
ω2n +∆
2
T→0−→
∫ ǫ1
0
dω√
ω2 +∆2
≈ log 2ǫ1
∆
,
(A5)
where the divergent integration up to innity is ut o
at ǫ1.
The general temperature dependene of the order pa-
rameter is obtained by ombination of (29), (33) and (A5)
log
∆
∆00
= πT
∑
n
(
1√
ω˜2n +∆
2
− 1√
ω2n +∆
2
)
. (A6)
At T → 0 the value of the order parameter tends to
the value ∆0 the impliit dependene of whih on Γ is set
by replaing summation in the above expression with an
integral. The integral over ω from the rst term in the
parentheses in (A6) transforms into an integral over ω˜ by
means of the substitution (26) and eventually we get an
equation that determines impliitly the impurity onen-
tration behavior of the value of the order parameter at
zero temperature:
1
Γ
log
∆0
∆00
+
π
2∆0(1 + cos δ0)
= 0, (A7)
if Γ < ∆0 cos
2 δ and
0 =
1
Γ
log
ω˜0 +
√
ω˜20 +∆
2
0
∆00
+
π
2∆0(1 + cos δ0)
(A8)
− ω˜0
ω˜20 +∆
2
0 cos
2 δ0
− 1
∆0 sin
2 δ0
(
cos δ0 arctan
ω˜0
∆0 cos δ0
− arctan ω˜0
∆0
)
if Γ > ∆0 cos
2 δ. Here
ω˜0(Γ,∆) =
√
Γ2 − 2∆2 cos2 δ0 + Γ
√
Γ2 + 4∆2 sin2 δ0
2
(A9)
is the solution of (26) for ωn = 0 and in (A8) it was taken
with the arguments Γ,∆0.
For small Γ Eq. (A7) gives
∆0
∆00
≈ 1− π
4(1 + cos δ0)
Γ
Γc
, (A10)
while for Γ lose to the ritial value
∆0
∆00
≈
√
1
1− 23 cos 2δ0
Γc − Γ
Γc
. (A11)
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